We consider a real Lagrangian off-critical submodel describing the soliton sector of the so-called conformal affine sl(3) (1) Toda model coupled to matter fields (CATM). The theory is treated as a constrained system in the context of Faddeev-Jackiw and the symplectic schemes. We exhibit the parent Lagrangian nature of the model from which generalizations of the sine-Gordon (GSG) or the massive Thirring (GMT) models are derivable. The dual description of the model is further emphasized by providing the relationships between bilinears of GMT spinors and relevant expressions of the GSG fields. In this way we exhibit the strong/weak coupling phases and the (generalized) soliton/particle correspondences of the model. The sl(n) (1) case is also outlined.
Introduction
Integrable theories in two-dimensions have been an extraordinary laboratory for the understanding of basic nonperturbative aspects of physical theories and various aspects, relevant in more realistic 4-dimensional models, have been tested [1] . In particular the conformal affine Toda models coupled to (Dirac) matter fields (CATM) [2] for the sl (2) (1) and sl(3) (1) cases are discussed in [3, 4, 5] and [6] , respectively. The interest in such models comes from their integrability and duality properties [2, 4] , which can be used as toy models to understand some phenomena; such as, a confinement mechanism in QCD [3, 6] and the electric-magnetic duality in four dimensional gauge theories, conjectured in [7] and developed in [8] .
Off-critical submodels, such as the sl (2) affine Toda model coupled to matter fields (ATM), can be obtained at the classical or quantum mechanical level through some convenient reduction processes starting from CATM [4, 5] . In the sl(2) case, using bosonization techniques, it has been shown that the classical equivalence between the U(1) vector and topological currents holds true at the quantum level, and then leads to a bag model like mechanism for the confinement of the spinor fields inside the solitons; in addition, it has been shown that the sl(2) ATM theory decouples into a sine-Gordon model and a free scalar [3, 9] . These facts indicate the existence of a sort of duality in these models involving solitons and particles [7] . The symplectic structure of the sl(2) ATM model has recently been studied [5] in the context of Faddeev-Jackiw (FJ) [10] and (constrained) symplectic methods [11, 12] . Imposing the equivalence between the U(1) vector and topological currents as a constraint there have been obtained the sine-Gordon or the massive Thirring model.
In this paper we consider the sl(3) ATM model. Using the FJ and symplectic methods we show the parent Lagrangian [13] nature of the model from which the generalized sine-Gordon (GSG) or the massive Thirring (GMT) models are derivable. We thus show that there are (at least classically) two equivalent descriptions of the model, by means of either the Dirac or the Toda type fields. It will also be clear the duality exchange of the coupling regimes g → 1/g and the generalized soliton/particle correspondences in each sl(2) ATM submodel, which we uncover by providing explicit relationships between the GSG and GMT fields.
The paper is organized as follows. In section 2 we define the sl(3) ATM model . Section 3 deals with the model in the FJ framework, the outcome is the GMT model. In section 4, we attack the same problem from the point of view of symplectic quantization [11, 12] giving the Poisson brackets of the GMT and GSG models. Section 5 deals with the soliton/particle and strong/weak coupling correspondences. Section 6 outlines the relevant steps towards the generalization to sl(n) ATM. In the appendix A we present the construction of sl(3) (1) CATM model and its relationship to the (two-loop) WZNW model.
Description of the model
In affine Toda type theories the question of whether all mathematical solutions are physically acceptable deserves a careful analysis, specially if any consistent quantization of the models is discussed. The requirement of real energy density leads to a certain reality conditions on the solutions of the model. In general, a few soliton solutions survive the reality constraint, if in addition one also demands positivity. These kind of issues are discussed in Refs. [14] .
Here we follow the prescription to restrict the model to a subspace of classical solutions which satisfy the physical principles of reality of energy density and soliton/particle correspondence.
In CATM models associated to the principal gradation of an affine Lie algebra we have a 1-soliton solution (real Toda field) for each pair of Dirac fields ψ i and ψ i [2] . This fact allows us to make the identifications ψ i ∼ (ψ i ) * , and take real Toda fields. In the case of sl (2) (1)
CATM theory, this procedure does not spoil the particle-soliton correspondence [3, 4] . We consider the sl(3) (1) CATM theory (see Appendix A) with the conformal symmetry gauge fixed 1 by setting η = 0 and the reality conditions 
ψ , k is an overall coupling constant and the ϕ j are real fields.
The Eq. (2.4) defines the sl(3) affine Toda theory coupled to matter fields (ATM). Notice that the space of solutions of sl (3) (1) CATM model satisfying the conditions (2.1)-(2.3) must be solutions of the sl(3) ATM theory (2.4). Indeed, it is easy to verify that the three species of one-soliton solutions [S ≡1-soliton(S ≡1-antisoliton)] [6] :
satisfy the equations of motion; i.e., each positive root of sl(3) reproduces the sl(2) ATM case [3, 4] . Moreover, these solutions satisfy the above reality conditions and constriants (2.1)-(2.3) (with (2.1) and (2.2) for S andS, respectively), and the equivalence between the U(1) vector and topological currents (A.29). Then, the soliton/particle correspondences survive the above reduction processes performed to define the sl(3) ATM theory.
The class of 2-soliton solutions of sl (3) (1) CATM [6] behave as follows: i) they are given by 6 species associated to the pair (α i , α j ), i ≤ j; i, j = 1, 2, 3; where the α's are the positive roots of sl(3) Lie algebra. Each species (α i , α i ) solves the sl(2) CATM submodel 2 ; ii) satisfy the U(1) vector and topological currents equivalence (A.29).
The generalized massive Thirring model (GMT)
Let us consider the following Lagrangian
where the ATM Lagrangian (2.4) is supplied with the constraints, (
, with the help of the Lagrange multipliers λ
. Their total sum bears an intriguing resemblance to the U(1) vector and topological currents equivalence (A.29); however, the m j 's here are some arbitrary parameters. The same procedure has been used, for example, to incorporate the left-moving condition in the study of chiral bosons in two dimensions [15] . The constraints in (3.1) will break the left-right local symmetries (A.25)-(A.28) of sl(3) ATM (2.4). In order to apply the Faddeev-Jackiw (FJ) method we should write (3.1) in the first order form in time derivative, so let us define the conjugated momenta
We are assuming that Dirac fields are anticommuting Grasmannian variables and their momenta variables defined through left derivatives. Then, as usual, the Hamiltonian is defined by (sum over repeated indices is assumed)
Explicitly the Hamiltonian density becomes
where
Let us observe that each U(1) Noether current of the sl(3) ATM theory defined in (2.4) is conserved separately; i.e., ∂ µ j µ l = 0, l = 1, 2, 3. Next, the same Legendre transform (3.3) is used to write the first order Lagrangian
Our starting point for the FJ analysis will be this first order Lagrangian. Then the Euler-Lagrange equations for the Lagrange multipliers allow one to solve two of them
and the remaining equations lead to two constraints
The Lagrange multipliers λ 
The new Lagrangian becomes
We implement the constraints (3.8) by replacing in (3.10) the fields φ 1 , φ 2 in terms of the space integral of the current components J 
Observe that the terms containig the π a 's in Eq. (3.11) cancel to each other if one uses the current conservation laws. Notice the apperances of various types of current-current interactions. The following Darboux transformation
is used to diagonalize the canonical one-form. Then, the kinetic terms will give additional current-current interactions,
We are, thus, after defining k ≡ 1/g, and rescaling the fields We give a brief overview of the basic notations of symplectic approach 3 . The geometric structure is defined by the closed (pre)symplectic two-form
)dξ (0) j being the canonical one-form defined from the original first order Lagrangian
The superscript (0) refers to the original Lagrangian, and is indicative of the iterative nature of the computations. The constraints are imposed through Lagrange multipliers which are velocities, and in such case one has to extend the configuration space [11, 12] . The corresponding Lagrangian gets modified and consequently the superscript also changes. The algorithm terminates once the symplectic matrix turns out to be non-singular.
Next, we will consider our model in the framework of the symplectic formalism. Let L ′ , Eq. (3.10), be the zeroth-iterated Lagrangian L (0) . Then the first iterated lagrangian will be
where the once-iterated symplectic potential is defined by 6) and the components of the canonical one-form
These result in the singular symplectic two-form 18x18 matrix
where the 9x9 matrices are
This matrix has the zero modes
where u and υ are arbitrary functions. The zero-mode condition gives
Thus, the gradient of the symplectic potential happens to be orthogonal to the zero-mode v (1) . Since the equations of motion are automatically validated no symplectic constraints appear. This happens due to the presence of the symmetries of the action
So, in order to deform the symplectic matrix into an invertible one, we have to add some gauge fixing terms to the symplectic potential. One can choose any consitent set of gauge fixing conditions [12] . In our case we have two symmetry generators associated to the parameters u and v, so there must be two gauge conditions. Let us choose
These conditions gauge away the fields φ 1 and φ 2 , so only the remaining field variables will describe the dynamics of the system. Other gauge conditions, which eventually gauge away the spinor fields ψ i will be considered in the next subsection. Implementing the consistency conditions by means of Lagrange multipliers η 3 and η 4 we get the twice-iterated Lagrangian
Assuming now that the new set of symplectic variables is given in the following order 14) and the non vanishing components of the canonical one-form 16) where the 10x10 matrices are
The zero-modes are
The zero-mode condition gives no constraints, implying the symmetries of the action
Now, let us choose the gauge conditions 19) and impose the consistency conditions with the Lagrange multipliers η 5 , η 6 , then
where 21) or explicitly
The symplectic two-form for this Lagrangian is a non singular matrix, then our algorithm has come to an end. Collecting the canonical part and the symplectic potential
. We have made the same choice, k = 1/g, and the field rescalings ψ j → 1/ √ k ψ j as in the last section. This is the same GMT Lagrangian as (3.13). As a bonus, we get the chemical potentials µ l ≡ m l ν l (η 1,2 → ν 1,2 ) times the charge densities. These terms are related to the charges Q 
The generalized sine-Gordon model (GSG)
One can choose other gauge fixings, instead of (4.12), to construct the twice-iterated Lagrangian. Let us make the choice
which satisfies the non-gauge invariance condition as can be verified by computing the brackets {Ω a , J 0 b } = 0; a, b = 1, 2. The twice-iterated Lagrangian is obtained by bringing back these constraints into the canonical part of L (1) , then 25) where the twice-iterated symplectic potential becomes
Considering the set of symplectic variables in the following order
and the components of the canonical one-form
the (degenerated) 20x20 symplectic matrix is found to be
where Its zero-modes are
where u, υ, ω and χ are arbitrary functions. The zero mode condition becomes
Since the functions f a are arbitrary we end up with the following constraints
Notice that by solving the constraints, Ω 3 = Ω 4 = Ω 5 = Ω 6 = 0, Eqs. (4.24) and (4.31), we may obtainψ
(4.32) So, at this stage, we have Majorana spinors, the scalars φ 1 and φ 2 , and the auxiliary fields. Next, introduce a third set of Lagrange multipliers into L (2) , then
The new set of symplectic variables is assumed to be ordered as
The components of the canonical one-form are After some algebraic manipulations we get the third-iterated 22x22 symplectic two-form
AB (x, y) = a 11 a 12 a 21 a 22 δ(x − y).
where 
It can be checked that this matrix has the zero-modes
where a . Then, in particular if φ a =φ a one can, in principle, solve for the function F such that a manifestly kinetic termr appear in the new Lagrangian.
Then choosing k = 1/g as the overall coupling constant, we are left with
This defines the generalized sine-Gordon model (GSG). In addition we get the terms multiplied by chemical potentials µ 1 and µ 2 (η 1, 2 → −µ 1, 2 ). These are just the topological charge densities, and are related to the conservation of the number of kinks minus antikinks Q
In the above gauge fixing procedures the possibility of Gribov-like ambiguities deserves a careful analysis. See Ref. [5] for a discussion in the sl(2) ATM case. However, in the next section, we provide an indirect evidence of the abscence of such ambiguities, at least, for the soliton sector of the model.
The soliton/particle correspondences
The sl(2) ATM theory contains the sine-Gordon (SG) and the massive Thirring (MT) models describing the soliton/particle correspondence of its spectrum [3, 4, 5, 9] . The ATM one-(anti)soliton solution satisfies the remarkable SG and MT classical correspondence in which, apart from the Noether and topological currents equivalence, MT spinor bilinears are related to the exponential of the SG field [16] . The last relationship was exploited in [4] to decouple the sl(2) ATM equations of motion into the SG and MT ones. Here we provide a generalization of that correspondence to the sl(3) ATM case. In fact, consider the relationships
where (3) (1) CATM equations into the GSG (4.39) and GMT (3.13) equations of motion, respectively.
Moreover, one can show that the GSG (4.39) M j parameters and the GMT (3.13) couplingsā ij are related by then one has
. The three species of one-soliton solutions of the sl(3) ATM theory (2.4), found in [6] and described in Section 2, satisfy the relationships (5.8) [4] . Moreover, from Eqs. (5.4)-(5.6) taking the same limits as in (5.7) one has
Therefore, the relationships (5.1)-(5.3) incorporate each sl(2) ATM submodel (particle/soliton) weak/strong coupling phases; i.e., the MT/SG correspondence [4, 5] .
Then, the currents equivalence (A.29), the relationships (5.1)-(5.3) and the conditions (2.1)-(2.3) satisfied by the one-soliton sector of CATM theory allowed us to stablish the correspondence between the GSG and GMT models, thus extending the MT/SG result [16] . It could be interesting to obtain the counterpart of Eqs. (5.1)-(5.3) for the N S ≥ 2 solitons, for example along the lines of [16] . For N S = 2, Eq. (A.29) still holds [6] ; and Eqs. (2.1)-(2.3) are satisfied for the species (α i , α i ).
Second, consider the limit 13) which is a particular case of the Bukhvostov-Lipatov model (BL) [17] . It corresponds to a GMT-like theory with two Dirac spinors. The BL model is not classically integrable [18] , and some discussions have appeared in the literature about its quantum integrability [19] . Alternatively, if one allows the limitā 33 → ∞ one gets ψ 
. Then we left with two Dirac spinors in the GMT sector and all the terms of the GSG model. The later resembles the 2−cosine model studied in [20] in some submanifold of its renormalized parameter space.
6 Generalization to sl(n) (1) The procedures presented so far can directly be extended to the CATM model for the affine Lie algebra sl(n) (1) furnished with the principal gradation. According to the construction of [2] , these models have soliton solutions for an off-critical submodel, possess a U(1) vector current proportional to a topological current, apart from the conformal symmetry they exhibit a U(1)
left-right local gauge symmetry, and the equations of motion describe the dynamics of the scalar fields ϕ a , η, ν (a = 1, ...n − 1) and the Dirac spinors
(n − 1) = number of positive roots α j of the simple Lie algebra sl(n)) with one-(anti)soliton solution associated to the field α j . ϕ ( ϕ = n−1 a=1 ϕ a α a , α a = simple roots of sl(n)) for each pair of Dirac fields (ψ α j , ψ α j ) [2] . Therefore, it is possible to define the off-critical real Lagrangian sl(n) ATM model for the solitonic sector of the theory. The reality conditions would generalize the Eqs. (2.1)-(2.3); i.e., the new ϕ's real and the identifications ψ α j ∼ (ψ α j ) * (up to ± signs). To apply the symplectic analysis of sl(n) ATM one must impose (n − 1) constraints in the Lagrangian, analogous to (3.1), due to the above local symmetries. The outcome will be a parent Lagrangian of a generalized massive Thirring model (GMT) with N Dirac fields and a generalized sine-Gordon model (GSG) with (n−1) fields. The decoupling of the Toda fields and Dirac fields in the equations of motion of sl(n) 
Discussions and outlook
We have shown, in the context of FJ and symplectic methods, that the sl(3) ATM (2.4) theory is a parent Lagrangian [13] from which both the GMT (3.13) and the GSG (4.39) models are derivable. From (3.13) and (4.39), it is also clear the duality exchange of the couplings: g → 1/g. The various soliton/particle species correspondences are uncovered. The soliton sector satifies the U(1) vector and topological currents equivalence (A.29) and decouples the equations of motion into both dual sectors, through the relationships (5.1)-(5.3) (supplied with (2.1)-(2.3) ). The relationships (5.1)-(5.3) contain each sl(2) ATM submodel soliton solution. In connection to these points, recently a parent Lagrangian method was used to give a generalization of the dual theories concept for non p-form fields [21] . In [21] , the parent Lagrangian contained both types of fields, from which each dual theory was obtained by eliminating the other fields through the equations of motion.
On the other hand, in nonabelian bosonization of massless fermions [22] , the fermion bilinears are identified with bosonic operators. Whereas, in abelian bosonization [23] there exists an identification between the massive fermion operator (charge nonzero sector) and a nonperturbative bosonic soliton operator [24] . Recently, it has been shown that symmetric space sine-Gordon models bosonize the massive nonabelian (free) fermions providing the relationships between the fermions and the relevant solitons of the bosonic model [25] . The ATM model allowed us to stablish these type of relationships for interacting massive spinors in the spirit of particle/soliton correspondence. We hope that the quantization of the ATM theories and the related WZNW models, and in particular the relationships (A.34), would provide the bosonization of the nonzero charge sectors of the GMT fermions in terms of their associated Toda and WZNW fields. A Appendix: The sl (3) (1)
CATM model
We summarize the construction and some properties of the CATM model relevant to our discussions 4 . More details can also be found in [6] . Consider the zero curvature condition
The potentials take the form
with
2 ] and the F ± i 's and B contain the spinor fields and scalars of the model, respectively , and ε(α, β) the relevant structure constants. Take K 11 = K 22 = 2 and K 12 = K 21 = −1 as the Cartan matrix elements of the simple Lie algebra sl(3). Denoting by α 1 and α 2 the simple roots and the highest one by ψ(= α 1 + α 2 ), one has l ψ a = 1(a = 1, 2), and
One has Q ppal ≡ (3), and the principal gradation vector is s = (1, 1, 1) [26] .
The zero curvature condition gives the following equations of motion One can get global symmetries for θ a ± = ∓θ a ∓ = constants. For a model defined by a Lagrangian these would imply the presence of two vector and two chiral conserved currents. However, it was found only half of such currents [6] . This is a consequence of the lack of a Lagrangian description for the sl (3) (1) CATM; however see below. The gauge fixing of the conformal symmetry, by setting the field η to a constant, is used to stablish the U(1) vector, J µ = 3 j=1 m j ψψ j γ µ ψ j , and topological currents equivalence [2, 5] . Moreover, it has been shown that the soliton solutions are in the orbit of the solution η = 0. The remarkable equivalence is The CATM theory has a local Lagrangian in terms of the B and the (two-loop) WZNW fields [2] . The relations between their fields can be obtained from 
